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Extensionality + Pairing 4+ Union + Strong Infinity + Set Induction
+ Ap-Separation + Strong Collection + Subset Collection

Shuwei Wang University of Leeds

Analysing Godel's L in Realisability Models of CZF



CZF
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Constructive Zermelo—Fraenkel set theory CZF

Extensionality + Pairing 4+ Union + Strong Infinity + Set Induction
+ Ap-Separation + Strong Collection + Subset Collection

Set Induction: Vx (Vy € x o(y) — ¢(x)) — ¥x ¢(x)

Strong Collection: Vx € a Jy ¢(x,y) —
db(Vx€adyebo(x,y) A\Vy € b3x € a p(x,y))

Subset Collection: 3¢ Vu (Vx € a3y € b p(x,y,u) —
ddec(Vxeadyedop(x,y,u) A\Vy € d Ix € a p(x,y, u)))
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Constructive Zermelo—Fraenkel set theory CZF

Extensionality + Pairing 4+ Union + Strong Infinity + Set Induction
+ Ap-Separation + Strong Collection + Subset Collection

Subset Collection: 3¢ Vu (Vx € ady € b p(x,y,u) —
ddec(Vxeadyedp(x,y,u) A\Vy € d Ix € a o(x,y, u)))

Exponentiation:
Vx Vy the set y* of all functions from x to y exists

Proposition

Powerset = Subset Collection = Exponentiation.

We denote CZF(P) = CZF + Powerset
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Ordinals and L

An ordinal is a transitive set of transitive sets. For ordinals o, we
construct the usual hierarchy

Lo = | ] def(Lg)

Bea

where def(Lg) is the collection of all first-order definable sets in
(Lg; €) with parameters. Then L = J, co.q La-

The intuitionistic L was first treated by Robert Lubarsky [5]. Other
ways to define L are still intuitionistically equivalent, such as

iterating finitely many fundamental operations, as verified recently
by Matthews & Rathjen [6].
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Intuitionistic ordinals (and L)

Proposition (ZF)
If o C B are ordinals, then either « = B or a € 3. Especially, it
follows that Ord is linearly ordered.

The proof of this starts with “either 8 C «, or there exists v €
such that v € «...", which is not intuitionistically valid!
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Intuitionistic ordinals (and L)

Proposition (ZF)
If o C B are ordinals, then either « = B or a € 3. Especially, it
follows that Ord is linearly ordered.

The proof of this starts with “either 8 C «, or there exists v €
such that v € «....", which is not intuitionistically valid! Likewise,
the following corollary only works in classical logic:

Corollary (ZF)
If « is an ordinal, then a« = L, N Ord € Lyyg.

It remains open whether any intuitionistic set theories suffice to
prove Ord C L!
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Partial combinatory algebras

A partial combinatory algebra (PCA) is a set A with a partial
application operation A x A — A, with two distinguished
combinators:

» for any a, b € A, kab] and kab = a;

» for any a, b, c € A, sab] and sabc ~ (ac)(bc).
Here, we say that a (formal) application term t converges, denoted

t| if all application operations involved are defined, and we write
t ~ s if both converges to the same value, or if both diverges.

For example, A = N where ab evaluates to the result of running
the a™™ Turing machine on input b is a PCA.
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Partial combinatory algebras

A partial combinatory algebra (PCA) is a set A with a partial
application operation A x A — A, with two distinguished
combinators:

» for any a, b € A, kab| and kab = g;

» for any a, b,c € A, sab| and sabc ~ (ac)(bc).

PCAs give one some generalised notion of computation. For
example, we have the following basic properties:
» When t is a (formal) term containing some variable symbol x,
then Ax.t is also a term in A.
» We have the usual fixed-point combinators in PCAs, so we
can define functions by recursion.
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Additional structures on PCAs

A PCA over the natural numbers is some A O N with:

» sy, pny € A such that for any n € N, synl = n+1 and
pynl = max{n—1,0};

» definition by cases d € A, such that for any terms a, b and
C1,Cp € N,

a if 1 = C,

dabcicr ~
172 {b otherwise.
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Additional structures on PCAs

A PCA over the natural numbers is some A O N with:
» sy, pny € A such that for any n € N, synl = n+1 and
pynl = max{n—1,0};
» definition by cases d € A, such that for any terms a, b and
C1,Cp € N,
a if 1 = C,

dabcicr ~
172 {b otherwise.

We also often identify distinguished pairing functions p, pg,p1 € A
in a PCA such that

po(pab) ~ a, pi(pab) ~ b.
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Kleene realisability CZF — CZF (Rathjen 2006)

Fix a PCA A (over the natural numbers), the class of names
V(A) = Uacorg V(A), is given by

V(A), = [J P(Ax V().

BEa
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Kleene realisability CZF — CZF (Rathjen 2006)

Fix a PCA A (over the natural numbers), the class of names
V(A) = Uacorg V(A), is given by

V(A), = [J P(Ax V().
Bea
Realisability conditions:
elFaeb <  Fc((poel,c) e bApielFa=c),

elFa=b <« Vf,d(((f,d)€a— poefl-deb)
A((f,d) € b— pref IF d € a)).

Proposition
There is a fixed i € A such thatil-a= a forall a€ V(A).

Shuwei Wang University of Leeds
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Kleene realisability CZF — CZF (Rathjen 2006)

Realisability conditions (continued):

elFpoANYy <
elFoVvy <

el -

elF o — 0

el Vx € a ¢(x)
el 3x € a p(x)
e lF ¥x p(x)

e Ik 3x ¢(x)

Shuwei Wang

poe lF o ApielF v,

(Poel =0 A pie k@)
V(poel =1Apiel-y),

Ve Af Ko,

VF € A(FIF o — ef IF 1),
V(f,c) € aefl¢(c),
Jc((poel, c) € anpielF ¢(c)),
Ve e V(A) elk ¢(c),

dc e V(A) el ¢(c).

University of Leeds

Analysing Godel's L in Realisability Models of CZF



Realisability
0000800

Kleene realisability CZF — CZF (Rathjen 2006)

Theorem (Rathjen, 2006)

CZF proves that for every theorem  of CZF, there is a realiser
e € A such that e I ¢.
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Kleene realisability CZF — CZF (Rathjen 2006)

Theorem (Rathjen, 2006)

CZF proves that for every theorem  of CZF, there is a realiser
e € A such that e I ¢.

Proposition (W.)

There is a realiser e € A such that

elFJa € Ord a C L, N Ord.
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“Exotic” ordinals

Here are the usual constructions for w in V(A):
n={(mm):mée n},
w={(nn):necw},

then some e I @ is the smallest inductive set.

Shuwei Wan University of Leeds
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“Exotic” ordinals

Here are the usual constructions for w in V(A):

(m,m) :mé€ n},

n={(m,
w={(nn):necw},
then some e IF @ is the smallest inductive set.

If we consider 2’ = {(1,0),(0,1)}, then some f I-2 = 2.

However, any realiser

g {(1.2),(1.2)} = {(1L2)},

so the left-hand side is actually a proper superset!

Shuwei Wan University of Leeds
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“Exotic” ordinals

Here, we will look at

3 ={(0,0),(0,1),(1.2),(1.2)}.

We shall sketch a proof that L3+ N Ord C 3" is not realised!
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“Exotic” ordinals

Here, we will look at

3= {(0.0),(0,1),(1,2),(1.2) }.
We shall sketch a proof that L3+ N Ord C 3" is not realised!

. . . . = ~ = =/
The general idea is that a same realiser realises 0 € 2 and 1 € 2.
From this, also a same realiser realises

0=1LgNOrde L; and 1=1L;NO0rde€ Ly.
Consequently, we have a same realiser for the successors

0" €def(Ly) C Ly and T' € def(Ly) C Ls-.
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“Exotic” ordinals
Here, we will look at

3 ={(0,0),(0,1),(1.2),(1.2)}.

However, suppose that f I L§* N Ord C §*, while
elF both 07,17 € Lz N Ord, then

0 = po(f(poe)) =1,

a contradiction.
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“Exotic” ordinals
Here, we will look at

3 ={(0,0),(0,1),(1.2),(1.2)}.

However, suppose that f I L§* N Ord C §*, while
elF both 07,17 € Lz N Ord, then

0 = po(f(poe)) =1,
a contradiction.
In fact, we can realise

3 ={xelz3N0rd: (x C1A(--0€x—=0€x))V
(rx=2AVyex(y=0—-1ex)ATy,zex(~y =2))}.

Shuwei Wang University of Leeds

Analysing Godel's L in Realisability Models of CZF



Exponentiation
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Not an inner model!

A more important recent result proved through a realisability
model is

Theorem (Matthews & Rathjen, 2024)

CZF ¥ L = CZF.

More specifically, it is shown that even CZF(P) does not prove
that L satisfies the axiom of Exponentiation, a consequence of
Subset Collection. Namely, it is shown that

Proposition
CZF(P) ¥ L the set of all functions from w to w exists.

Shuwei Wang University of Leeds
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E-recursive functions

We use the definition of a PCA consisting of (class) functions
acting on all sets, as given in Rathjen [8]. There we have w as a
constant and additional distinguished combinators:

mxy ~ {x,y}, VX:UX,
'yxy:xﬂmy, pxy ~{xu:u€y},

iixyz~{uex:yez},
ioxyz~{uex:uey »uez},
isxyz~{uex:uey—zeu},
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Weakened-realisability-with-truth of CZF(P)

The names for this realisability model are just arbitrary sets
themselves.

Weakened realisability: we are allowed to produce a (non-empty)
set of realisers without actually computing a specific inhabitant.

alFpVy < a#oAVeca((poel =0Apiel-p)
V (poel = 1 Aprel-¢)),
alFIxebp(x) & a#IAVeca(poel € bApielk p(poe)),
alk3x o(x) < a#@AVecapielk o(poel).
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Weakened-realisability-with-truth of CZF(P)

The names for this realisability model are just arbitrary sets
themselves.

Realisability with truth: any realised formula must simultaneously
have a computational realiser AND hold in the meta-theory.

alkbec & bec,
alF-p & —pAVeelkop,
alkp—=1v < (p—=Y)AVF(flIFp— af k).
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Weakened-realisability-with-truth of CZF(P)

The names for this realisability model are just arbitrary sets
themselves.

Realisability with truth: any realised formula must simultaneously
have a computational realiser AND hold in the meta-theory.

alFkbec < bec,
alF—-p & —pAVeelp,
alFo =1 & (p—=Y)AYF(FIFp— af IFq).

Proposition (Rathjen, 2012)
For any formula ¢, CZF(P) F (3a alFwt @) — .
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Computational content

Theorem (Rathjen, 2012)

For any formula p(x1,...,xn) (with all free variables listed), if
CZF(P) &= ¢, then one can effectively construct the index of an
E,-recursive function f such that

CZF(P) FVai,...,an far - ap lFwt (a1, ..., an).

Shuwei Wang University of Leeds
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Proof of CZF(P) ¥ L F Exponentiation

Suppose that
CZF(P)F3aeOrd Ixe L, Vf:w s w(f el — f ex).

We use the previous theorems to convert into realisability and back
into truth, which means we can find an E,-recursive term t that
computes to a set of ordinals « satisfying the condition above.

Shuwei Wang University of Leeds
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Proof of CZF(P) ¥ L F Exponentiation

Suppose that
CZF(P)F3aeOrd Ixe L, Vf:w s w(f el — f ex).

We use the previous theorems to convert into realisability and back
into truth, which means we can find an E,-recursive term t that
computes to a set of ordinals « satisfying the condition above.

Now, one key result in the 2012 paper, Rathjen [8], (proved using
a variant of this realisability model) is that

Proposition

CZF(P) is N} -conservative over IKP(P).

Shuwei Wang University of Leeds
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Proof of CZF(P) ¥ L F Exponentiation

Using this conservativity, IKP(P) already proves that the
E,-recursive term t evaluates to a set. By Cook & Rathjen’s
relativised ordinal analysis of IKP(P) [3], this set additionally lies
in V, for some recursive ordinal o < BH. In other words,

CZF(P)FJa € V,NOrd Vf :w = w(f € Ly — f € Ly).

This sentence is X1, so by conservativity again, it is also provable
in IKP(P) and thus KP(P). So « is a gap ordinal, but classically,
the smallest gap ordinal is much larger than BH, as a result by
Leeds & Putnam [4]. A contradiction.

Shuwei Wang University of Leeds
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Relativised ordinal analysis

The key step in the preceding proof is the relativised ordinal
analysis (first used on the classical theory KP(P) in Rathjen [10]),
which essentially implies that IKP(P) (and KP(P)) cannot prove
the existence of ordinals beyond BH.

In [11], this is applied to show that

Theorem (Rathjen, 2020)
KP(P) + V = L is much stronger than KP(P).

Shuwei Wang University of Leeds
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Relativised ordinal analysis

The key step in the preceding proof is the relativised ordinal
analysis (first used on the classical theory KP(P) in Rathjen [10]),
which essentially implies that IKP(P) (and KP(P)) cannot prove
the existence of ordinals beyond BH.

In [11], this is applied to show that
Theorem (Rathjen, 2020)
KP(P) + V = L is much stronger than KP(P).

Question

Is there a similar proof that CZF + V = L is much stronger than
CZF7?

Shuwei Wang University of Leeds
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The V = L model

Question
Is there a similar proof that CZF + V = L is much stronger than

CZF?
The answer is no.

Theorem (W.)
CZF + V = L is equi-consistent with CZF.

Shuwei Wang University of Leeds
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The V = L model

Question

Is there a similar proof that CZF + V = L is much stronger than
CZF?

The answer is no.

Theorem (W.)
CZF + V = L is equi-consistent with CZF.

We shall sketch an interpretation

CZF + V = L < ML; VX < Bl =¢,, CZF.

Shuwei Wang University of Leeds
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The type theory ML; VX

We have the following types:
1. finite types n for each n € N,
2. the type N of natural numbers,

3. an arbitrary type X, given by a set X C N in the
interpretation ML1VX — BI,

4. dependent X and [T types,

5. one universe U, closed under the type constructions above,

o

a single W-type denoted V/, with the following constructor:

rFA:Uf:A=V
I sup(A f):V

Shuwei Wang University of Leeds
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Interpretations

The interpretation CZF < ML1V introduced by Aczel [1] is
essentially a realisability model: the names are terms of type V;
the notion of computation is given by corresponding function types.

The interpretation ML;V < BI (which, combined with the above,
gives an formal realisability model CZF — BI over the PCA of
Turing machines) is then set-up in Rathjen [9].

Shuwei Wang University of Leeds

Analysing Godel's L in Realisability Models of CZF



V=L
000080000

Subcountability

A crucial feature of the interpretation ML;V — BI is that every
type A is interpreted by a subset of N. This means that the
realisability model realises the following set-theoretic axiom:

Subcountability: Vx Jy C w 3f : y — x surjection.

Shuwei Wang University of Leeds
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Subcountability

A crucial feature of the interpretation ML;V — BI is that every
type A is interpreted by a subset of N. This means that the
realisability model realises the following set-theoretic axiom:

Subcountability: Vx Jy C w 3f : y — x surjection.

Corollary (CZF + Subcountability)
If every x C w lies in L, then V = L.

Proof.

W.l.o.g. consider some transitive x € V. Then (x,€) = (U, E)
where U C N, E C N x N. Now, U, E € L by assumption, so we
can reconstruct x. L]

Shuwei Wang University of Leeds
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Setting-up for realising P(w) C L
In [5], Lubarsky shows that CZF Vn € w n= L,NOrd. It
follows:

Lemma
If o € P(w) N Ord, then

a=|Jn" =] def(Ly) N Ord = L, N Ord.

nco nex

Shuwei Wang University of Leeds
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Setting-up for realising P(w) C L

In [5], Lubarsky shows that CZF Vn € w n= L,NOrd. It
follows:

Lemma
If o € P(w) N Ord, then

a=|Jn" =] def(Ly) N Ord = L, N Ord.

nco nex

Fix ap € P(w)NOrd, we can extract fy : w — P(w)NOrd given by
fo(i)={new:Vk <nmn(i,k) € v} €L,

where m: N x N — N is some (recursive) pairing bijection.

Shuwei Wang University of Leeds
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Incomparable ordinals

We say that f : w — P(w) N Ord is pairwise incomparable iff
(intuitively) for any i # j € w, f(i) and f(j) are not subsets of
each other. Formally, we want

Vi,j € w(f(i) C () —i=j).

Shuwei Wang University of Leeds
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Incomparable ordinals

We say that f : w — P(w) N Ord is pairwise incomparable iff
(intuitively) for any i # j € w, f(i) and f(j) are not subsets of
each other. Formally, we want

Vi,j € w(f(i) C () —i=j).

Proposition

If aforementioned fy € L is pairwise incomparable, then P(w) C L.

Proof.
For any x C w, we take 0 = (¢, def(LfO(,,)) N Ord € L and verify

x={ncw:L,Ff(n)eco}el

for some large enough 1 € Ord. O

Shuwei Wang University of Leeds
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A priority argument

A ordinal @ C w in the realisability model can be (roughly) given
by the name sup(A, f) where A is a type (i.e. a subset of N in the
meta-theory) and f : A — N is a recursive bijection. w Z « is
realised iff the inverse of f is not recursive.

More generally, names o = sup(A, f) and § = sup(B, g) are both
not subsets of each other iff both g=1 o f and f~1 o g are not
recursive.

Shuwei Wang University of Leeds
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A priority argument

A ordinal @ C w in the realisability model can be (roughly) given
by the name sup(A, f) where A is a type (i.e. a subset of N in the
meta-theory) and f : A — N is a recursive bijection. w Z « is
realised iff the inverse of f is not recursive.

More generally, names o = sup(A, f) and § = sup(B, g) are both
not subsets of each other iff both g=1 o f and f~1 o g are not
recursive.

Thus, to get the fy we need, we want the distinguished type X in

our ML; VX to interpret some X C N satisfying
Rijf: there exists m € N such that if we input the first
(i, m) elements of X to the Turing machine ®¢, it does
not compute the first w(j, m) elements of X

forall i,j,f € N.

Shuwei Wang University of Leeds
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A priority argument

Rijr: there exists m € N such that if we input the first
w(i, m) elements of X to the Turing machine ®¢, it does
not compute the first w(j, m) elements of X

But this is possible so long as for any /,j € N, there are arbitrarily
large numbers m such that w(i, m) < 7w(j, m). Then we just use
arithmetic recursion to construct the set X.

We just need to pick an appropriate pairing function. For example,

(a.b) = max{a, b} - (max{a, b} +1) — a+ b if max{a, b} is even,
= max{a, b} - (max{a, b} +1)+a— b otherwise;

Shuwei Wang University of Leeds
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Finally,

Combining all these constructions, we have a realisability model

CZF + Subcountability + V = L < BI =, CZF.

Shuwei Wang University of Leeds
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Finally,

Combining all these constructions, we have a realisability model

CZF + Subcountability + V = L < BI =, CZF.

Open Question

What about CZF(P)? Is CZF(P) + V = L equi-consistent with
CZF(P) or stronger?

Open Question

It is even harder to construct non-classical models of V' #£ L.
Ultimately, can we violate Ord C L?

Shuwei Wang University of Leeds
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Thank you!

Shuwei Wang
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