ANTICHAIN OF ORDINALS IN INTUITIONISTIC SET THEORY
SHUWEI WANG

Abstract. In classical set theory, the ordinals form a linear chain that we often think
of as a very thin portion of the set-theoretic universe. In intuitionistic set theory, however,
this is not the case and there can be incomparable ordinals. In this paper, we shall show
that starting from two incomparable ordinals, one can construct canonical bijections from
any arbitrary set to an antichain of ordinals, and consequently any subset of the given
set can be defined using ordinals as parameters. This implies the surprising result that in
the theory “IKP + there exist two incomparable ordinals”, the statements Ord C L and
V = L are equivalent.

§1. Introduction. This paper aims to report on a canonical way of con-
structing arbitrarily sized antichains of ordinals in intuitionistic set theory, de-
veloped during research on the behaviours of Godel’s constructible universe L
in intuitionistic contexts. As surveyed by Lubarsky [3] and more recently by
Matthews and Rathjen [5], the situation for L is much more complicated than
the classical case and, notably, it still remains open whether any intuitionistic
set theory can prove the statement Ord C L. In this paper, we present some
results about intuitionistic ordinals that will suggest that this may not be as
innocent a claim as it seems to be.

In classical set theory, the class Ord of ordinals, i.e. transitive sets of transitive
sets, satisfies the trichotomy

Va, € Ord (e € BVa=8VEEaq).

However, the same is not true in intuitionistic set theory. For example, if ¢
is a formula such that the instance of excluded middle ¢ V —¢ does not hold,
then none of the three disjuncts above can hold for the assignment o := 1,
Bi={zxel:p}

We will say that two ordinals «, 8 are incomparable when the negation of this
trichotomy holds, or more concisely written as

alB = -aeBtA-BecaT,

where a™ = a U {a} denotes its ordinal successor. We shall start by justifying
formally that such ordinals may indeed exist in intuitionistic set theory!:
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I There are various other ways to justify the consistency of incomparable ordinals in different
base theories such as IKP or CZF. For example, the realisability model in Rathjen [6] contains
plenty of incomparable ordinals. Here, we will present a construction that is most relevant to
the final section of this paper.
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PROPOSITION 1. Assuming that IZF is consistent, then so is the theory
IZF +3a,p € Ord o« L 5.

PROOF. Suppose otherwise, that is, IZF + —3a,8 € Ord o L [B. Specifi-
cally, for an arbitrary formula ¢ (1, ... ,z,) with all free variables listed, we can
consider the set

ay =2U{BeP(l):3z1,... .2, (0€ B < P(x1,... ,20))}.
It is easy to see that

IZF F ay € Ord A —oy € 2N 2 € .

Additionally, for any x4, ... ,x, there exists a set
B={vel:(x,...,zn)} €y
by comprehension in IZF, i.e. 0 € 8 <> ¢¥(x1,... ,x,) and thus 8 € 2 if and only

if =0V g =1, if and only if
(T, .. Tn) VU(T1, .. ).
In other words,
IZF F oy =2 < Vo, ...,z (W(x1, ..., T0) V(21,0 ,20)).

By our assumption, we now have IZF F —ay L 2. Then we must have IZF
-y, = 2 and thus the corresponding double negated instance of excluded
middle:

IZF b ==Va1, .. @ (Y@, ) V (21, 20)) -

However, this is impossible. We say that ¢ is an anti-classical aziom if
ZF =, then it is well-known that IZF is consistent with many anti-classical
axioms. For example, see the realisability model in [2] interpreting such ax-
ioms like Church’s thesis, etc. Now, let ¢ be any such anti-classical axiom and
X1,--- , Xk be an enumeration of the necessary instances of excluded middle such
that

IZF + x1 + -+ xx b o,

then by the analysis above we must have IZF - ——y; for all ¢ and consequently
IZF F ——==p. This is a contradiction to the consistency of ¢ and thus our initial
assumption must be false. B

In the main portion of this paper, we shall proceed to show that such incom-
parable ordinals are highly pathological objects — this is probably hinted at
in Lubarsky’s recent survey [4], section 6, where he claimed “there are [unpub-
lished] constructions showing that it is not hard to get an arbitrary set into L
by coding it into an ordinal” — and we shall make it precise here that, from
merely a pair of two incomparable ordinals, one can construct an injection f
from an arbitrarily large domain to an antichain of ordinals, that is, for any
x #y € dom(f), we will have f(x) L f(y).

Additionally, we construct this map f as a canonical Y-definable object in the
language of set theory. It induces a method to uniformly encode any subsets of
its domain as ordinals and is now even preserved in the constructible universe.
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We shall utilise this encoding to prove the following result, which demonstrates
how intuitionistic L behaves vastly different from its classical counterpart:

THEOREM 2 (IKP). Assume there exist « L B € Ord, then the following are
equivalent:

e OrdC L,

o V=1L

One immediate consequence of this, as we shall comment at the end, is that the
consistency of any theory IZF + ¢+ V # L, where ¢ is any anti-classical axiom,
will imply IZF ¥ Ord C L, and will resolve the long-standing open problem
mentioned above.

§2. Constructing antichains. A very weak intuitionistic set theory, IKP,
suffices for our construction, which means the same results easily apply to any
intuitionistic extensions such as CZF or IZF. Essentially, the construction uses
the fact that IKP proves X-recursion and also separation by any Ag-formula con-
taining ¥-definable class functions. We also assume that IKP here includes the
axiom of strong infinity, which is needed for the existence of transitive closures
that will become convenient later.

Like in a classical set theory, we formally say that a set « is an ordinal if it
is a transitive set of transitive sets; the class of all ordinals is denoted Ord. We
cannot intuitionistically classify all ordinals into the cases of zero, successors and
limits. Thus, to obtain the addition operator a + - : Ord — Ord, we need to
modify the recursive definition to use a uniform clause. We let

Oé+ﬁ:C¥U U (O‘+’Y)+>
YEB

which is common practice in intuitionistic contexts such as in [1].

To begin, we shall verify that a few basic classical properties of ordinal addition
still hold in intuitionistic set theory. IKP uses the weaker axiom of set induction
instead of foundation, but it still forbids self-containing sets:

LEMMA 3. There is no set x such that x € x.

PROOF. Suppose that such an element x exists. Observe that for any set y,
y = x implies z € y, i.e. 3z € y z = x. Thus, Vz € y -z = x implies -y = z. By
set induction, we must have Yy —y = x, which is a contradiction. -

LEMMA 4. For any a, 8 € Ord, we have ~a+ 8 € a.

PROOF. Suppose that a + 8 € a, then a+ 5 € a U Uweﬁ (a+ 'y)+ =a+ 05,
contradicting Lemma 3. B

LEMMA 5. For any «, 3,y € Ord, we have a + 3 € a+~v = B € v and
atf=a+y—=>8=17.

PROOF. We prove the conjunction of the two desired properties by simulta-
neous set induction on the parameters 8 and . First suppose that

a+ﬁ€a+7:aUU(a+5)+.
d€y
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By Lemma 4, ~a + 8 € «, thus we must have a + 8 € (o + 5)+ for some § € 7,
ie,a+f€ea+dVa+p=a+d We thus must have g € § V 3 = § by the
inductive hypothesis and thus € v either way.

On the other hand, suppose that a + 8 = a + -, then

at+de(a+d) Cat+pf=a+y

for any § € 5. By the inductive hypothesis, we have § € v for any § € (3, i.e.
B C . An entirely symmetrical argument shows that v C 3 as well, hence § = ~
as desired. —

Recall from the introduction that incomparability is defined as
alp = -aeptA-peat.
We check that this is preserved by carefully constructed sums:
LEMMA 6. When o L 8 € Ord, for any v € Ord, also o L 1 + .

Proor. Firstly, suppose that 7+~ € a®. Then 8 € 81+~ C a, contradict-
ing our assumption that o L 3. Observe that this already implies ~a = 8+ 4+~
for any v € Ord.

It suffices to further show by set induction on 7 that -« € 8T + . Suppose
that a € 81 + v yet ma € 81 + ¢ for every § € . Since also ~a = 7 + 4, i.e.
we have —a € (81 + 5)+7 thus we must have o € B%. This again contradicts
a L B. -

COROLLARY 7. When o L B € Ord, for any ~v1,72,61,02 € Ord, we have
(OéJr +"}/1) U (ﬁ++")/2) = (Cl+ +($1) U (5+ +52) — 7 :51 /\’72 = 52.

PROOF. Assume (a™ 4+ 1) U (BT +72) = (™ 4+ 61) U (BT +§). For any n €
1, we have a™ +n € a™ +7; C (o™ + ;) U (8" + d2). Suppose that a™ +1n €
BT 4 6, then o € BT + 5 by transitivity, and this contradicts Lemma 6. This
means we must have o™ +n € o™ +J; and thus n € §; by Lemma 5, i.e. 7; C 6;.
Entirely symmetrical arguments show that §; C 1, 72 C d2 and do C 7o as well,
hence v; = §; and 2 = Jo as desired. -

Observe that Corollary 7 essentially claims that given two incomparable ordi-
nals, there is a method to represent any pair of two ordinals as a single ordinal
uniformly.

Now, before proceeding to treat antichains, we observe that the classical way
to define an antichain, i.e.

Va,b € dom(f) (a #b < f(a) L (b)),

is intuitionistically “weak” because the both sides of the biconditional consist of
negated formulae, so we cannot derive positive statements like a = b when we
need them since intuitionistic logic lacks double-negation elimination. Thus, we
choose to adopt an alternative definition and say that for any set x, a function
f:ax — Ord on it is pairwise incomparable if

Va,b € x(=f(a) € f(b) A(f(a) = f(b) > a=1b)).
This is classical equivalent to the biconditional above, but intuitionistically
stronger.
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PRrROPOSITION 8. When a L 3 € Ord, for any set s C Ord of ordinals, the
function f : s — Ord given by

f)=atu (8" +9)
s pairwise incomparable.

PRrROOF. We first show that —f(y) € f(d) for any 7,8 € s. Suppose that
at U (BT +7v) € at U (BT + ). Notice that a™ U (8T +v) € ot implies a €
at U (Bt +7) C a, contradicting Lemma 3, thus we must have ot U (8T +v) €
BT + 4 instead. However, by Lemma 6, we have —a € 87 + ¢ and hence another
contradiction. Thus we must have ~at U (8T +~) € at U (8T + ).

Now, it remains to show that

a+U(5++7) =a+U(B++5) — v =04.
This is simply an instance of Corollary 7 where v; = §; = @. -
Given fixed @ 1 B € Ord and any function f : * — Ord, we shall define
ft:z— Ord by
) =atu (B + 1)
Observe that by Proposition 8, f+ is pairwise incomparable if and only if f is
injective, i.e. f satisfies Vy,z € z (f(y) = f(z) = y = 2).

PROPOSITION 9. Let x be any set and f : x — Ord be pairwise incomparable.
Then for any y C x,

Vzex(zEy<—>f(z)€Uf(t)+>.

tey
PRrROOF. The forward direction is trivial. For the backward direction, suppose
that f(2) € Use, f, ie f(z) € f(t)T for some ¢t € y. From the pairwise
incomparability condition, we know that —f(z) € f(¢), so we must have f(z) =
f(t), which immediately implies z = ¢ € y. -

COROLLARY 10. Fix o 1. B € Ord. Let x be any set and f : x — Ord be
pairwise incomparable. Then for any set> y C P(x), there exists g : y — Ord
that is also pairwise incomparable.

PrOOF. We define h:y — Ord as z — J,, f(®)T. Then by Proposition 9,
Vr,s €y (h(r) =h(s) = Vit er+tes)),

i.e. h is injective. Therefore, g = h™ is pairwise incomparable. n

Additionally, using Corollary 7 we can merge ordinal-indexed families of pair-
wise incomparable functions:

PROPOSITION 11. Fizx o« L B € Ord. Consider some set s C Ord and a
function a with domain s. For any function f with domain s such that f(7) :
a(y) = Ord is a pairwise incomparable function for each v € s, then there exists
9 :U,esaly) = Ord that is also pairwise incomparable.

2We work in IKP which does not assert the axiom of powerset, thus the notation P(z) will
be treated as a Ag-class (which may not be a set) in our context.
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ProoF. Consider the set of pairs

b={(v,z):yeshxze€a(y)}.

We define f : b — Ord as (y,z) — (o 4+ ) U (8T + f(7)(z)). By Corollary 7
and the fact that each f(v) is pairwise incomparable,

fla) =F((0y) = v=0dra=y

for any (vy,x),{d,y) € b, so f+ is pairwise incomparable. Now, the set

C:{bxtl‘e Ua(’y)},

YES
where b, ={t €b: 3y € st = (y,x)}, exists by Ag-replacement. Also ¢ C P(b),
so by Corollary 10, there is i : ¢ — Ord that is pairwise incomparable.

We now construct g : |, c,a(y) — Ord as @ — h(bs). It suffices to verify
Vz,y € U,esa(v) (9(z) = g(y) = 2 =y). We know that g(z) = g(y) implies
by = by, but we also know that there exists v € s such that x € a(y). This
means (v, z) € b, = by, i.e. there exists € s such that (y,z) = (4,y). It follows
immediately that z = y. a

Finally, fix any set x and its transitive closure is given as

TC({a}) = {o} uauJeuJJa -

by recursion on w. Assuming that there exists incomparable ordinals, we will
construct a pairwise incomparable function with domain TC({z}) canonically.
To this end, we shall divide the transitive closure into a hierarchy

TC({z}), = {y € TO({a}) : 38 € a y C TC({w}),}
The following lemma immediately shows that TC({z}) = U cora TC({z}),:

LEMMA 12. For any set z and any y € TC({z}), there exists a € Ord such
that y C TC({x}),, t.e. y € TC({x}) -

PROOF. We prove this by set induction on y. Assume y € TC({z}) and
suppose that

Vzey (z€ TC({z}) - Ja € Ord 2 C TC({z}),) -

By transitivity y C TC({z}), thus by strong X-collection we have a set s C Ord
such that Vz € y 3o € s 2 C TC({z}),. Take 8 = U,ec, @™, then s C § and
hence y C TC({z}),. o

It is easy to verify that Ve, 8 € Ord (a Cp—TC{z}), C TC({x})ﬁ), thus

TC({z}) o+ = TC({z}) NP(TC({z}),),
and also Va € Ord TC({z}), = Ugec, TC({z}) 5+
Observe that in the proofs of both Corollary 10 and Proposition 11, we gave
explicit constructions of the desired g from f, and it is not hard to verify that
the described functions can be uniquely defined from f using a X-formula. Fix
a 1L B € Ord and we can iterate the following process: given a family (fs) sey
where each f5 : TC({z}); — Ord is a pairwise incomparable function, then we
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collect the family (gs)sc., of functions gs : TC({z})s+ — Ord built in Corol-
lary 10 through X-replacement and thus get a pairwise incomparable function
fy + TC({z}), — Ord by Proposition 11. By ¥-recursion, we then have a -
definable class-family (fs,y),co.q Where each fs o : TC({z}),, — Ord is pairwise
incomparable.

Additionally, by Lemma 12, there must exist some v € Ord such that x €
TC({x}),. Since it is easy to verify that each TC({z}), is transitive, we must
have

© C TC({z}) = TC({x}),.

Consequently, f - is a pairwise incomparable function with domain TC({z}),
and its restriction f, |, will immediately provide a bijection between x and
an antichain of ordinals, as claimed in the introduction. This function will be
Y-definable using the incomparable ordinals a@ L g € Ord, the domain z and an
arbitrary (large enough) ordinal v as parameters.

§3. The case inside L. Godel’s constructible universe L can be defined? in
IKP in the usual way, by formalising the construction of def(A), the collection
of first-order definable subsets (with parameters) of (A; €). We can then let

Lo = | def(Lp)
Bea

for all @ € Ord recursively and finally L = U, co.q La-

As mentioned, basic properties of L in an intuitionistic set theory were treated
by Lubarsky [3] and more recently by Matthews and Rathjen [5]. Notably, in
order to prove the main result of this paper, we will use Theorem 5.7 in [5] that

Fact. For every axiom ¢ of IKP, IKP F L F ¢.

This means, starting with two incomparable ordinals o L 5 that are already in
L, the construction of the functions f, . above can be replicated in L. Since the
functions are defined by a X-formula, which is upwards absolute, we immediately
know that

Vee LYy e LNOrd ff, = for.

We need to verify an additional lemma, that each specific value f, - (y) of the
function does not actually depend on x:

LEMMA 13. Fiz o L 8 € Ord. For any set x, any y € TC({z}) and any
v € Ord, y € TC({z}),, if and only if y € TC({y}),, and we also have fy(y) =
fy~(y) when this holds.

PROOF. Observe that TC({y}), € TC({z}), follows easily from TC({y}) C
TC({z}) by induction on +. For the other direction, we prove by set induction

3We always assume that IKP contains the axiom of infinity, so we do not need to worry about
working with countable sets of formulae or recursion on w. For a more intricate treatment of
L that is still viable without the axiom of infinity, refer to section 4-5 of [5].
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on y. Assume y € TC({z}),, then there exists § € v such that y C TC({z})s,
but then the inductive hypothesis implies that

y € [JTC{z})s € TC({y})s

zZEyY

as well.

Additionally, it is easy to check with the explicit constructions in Corollary 10
and Proposition 11 that the values of f, ,(y) and f, ,(y) only depend on the
values of f;s(2) and f, s(z) respectively for any 6 € v and z € y such that
z € TC({z});. We again use an induction on y, and notice that the inductive
hypothesis implies that for such § and z we always have

fe5(2) = [2.6(2) = fy.6(2),

thus fo ,(y) = fy(y) as well. -

In other words, the value f; ,(y) is determined by y and the ordinal parameters
a, 3, alone. We can finally prove the main result from the introduction:

THEOREM 2. Assume there exist « L 3 € Ord, then the following are equiva-
lent:

e Ord C L,

o V=1L.

PROOF. The backward direction is trivial. For the forward direction, we use
set induction on x to show that Vz = € L.

From the inductive hypothesis, we will know that  C L, so by strong -
collection we have a set s C Ord such that Vy € x 3y € s y € L,. Take
o= U'yes ~, then x C L.

Now, by Lemma 12, there is some v € Ord such that 2 € TC({z}),+ (and we
know 7 € L from our assumption). For any y € x, we then know from Lemma 13
that y € TC({y}), and

forn (W) = fyn (W) = £1, ().

We can now consider the set
z= {t € L, :t € TC({t}), A f,(t) € r}

where 7 = Uyem fyﬂ(y)+ is an ordinal. Assuming that all ordinals are in L, then
by Ag-separation, z € L.

It is immediate that © C z. For any ¢ € z, there must exist some y € = such
that f; - (t) € fy~(y)*. Consider the set p = {t,y} then we have t,y € TC({p}),
by Lemma 13 and

fon(t) = fry(t) € fy,'y(y)Jr = U fp,v(5)+~
se{y}

Here f,, : TC({p}), — Ord is pairwise incomparable and by Proposition 9, this
implies t € {y}, i.e. t =y € z. Tt follows that © = z € L as desired. -
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84. A final remark. Using the same constructions as in Proposition 1, we
observe that Theorem 2 implies finding any non-classical model of IZF +V # L
would immediate disprove IZF F Ord C L. More precisely,

COROLLARY 14. Let ¢ be any anti-classical axiom, that is, ZF = —p. If IZF +
w+V # L is consistent, then IZF ¥ Ord C L.

PrROOF. We assume that IZF F Ord C L. Then by Theorem 2,
IZF+V #LF—=3a,8€ O0rd a L 8.

Looking at the same ordinals ay, and 2 as in the proof of Proposition 1, we would
then conclude that IZF 4+ V # L is inconsistent with any anti-classical axioms.
This contradicts the consistency of IZF + o + V # L. —

However, constructing intuitionistic models of V' # L has proven to be very
difficult, precisely due to the complicated structure of ordinals and Goédel’s L
discussed in this paper, and no such consistency results have been known to
the author. We hope that further research will be able to settle the problem
regarding Ord C L in intuitionistic set theories in this direction.
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