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Abstract

In 3| Chapters VIII-IX], Montalbdn presented and proved a game metatheo-
rem using iterated true-stage systems. This theorem is “less flexible” (and more
technical) than the original Ash-Knight metatheorem, but comes with a much
more structured proof in Montalban’s book. In this note, we check that the orig-
inal metatheorem can also be proved using the same approach.

The Ash-Knight a-system metatheorem in [1, Chapter 14] is a very useful appara-
tus in recursion theory that allows one to construct computable copies of structures
originally built using a A%-oracle. However, their original proof is a very intricate,
brute-force construction which can be difficult to motivate. Similar results are re-
cently re-established by Montalbédn [3] using a-iterated true-stage systems, but I feel
that his version of the game metatheorem [3, Theorem VIII.2] has more technical de-
tails that may not be relevant to the most immediate uses of the technology. In this
note, we shall check that the original statement of Ash and Knight also follows from
Montalban’s mechanisms.

Let « be an ordinal notation presented as any recursive well-ordering, on which the
successor function is also recursive. We assume without loss of generality that the
recursive presentation has a downward closed domain, i.e. either {0,1,...,k} (when
« is finite) or the whole of N — this will be convenient when we use a canonical
fundamental sequence for « later in sections [2] and

Now, the Ash—Knight a-system <L,U, é, P, E, {<s} 5 <a> is essentially a two-player

infinite game where, starting from le L, two players take turns to play finite objects
in the recursively enumerable sets L and U:

L|t=1 & by
U‘ uy u2

P is a recursively enumerable tree of finite alternating sequences of elements from L
and U, and dictates the valid moves in each turn, i.e. the players should ensure that

Eo, foul, Eoulfl, €0u1€1u2, ...e P.

It is required that P has no leaves, so a single “wrong move” cannot cause the game
to terminate prematurely.

E:L— [N]<N is a recursive operation that maps L to finite subsets of N. It usually



represents some descriptiorﬂ of each finite object £ € L and is expected to accumulate
as the game goes on, i.e.
i< j— E(l:) € E(t),

which is usually stipulated as part of the game rules P.

Given any recursively enumerable game specification as above, we say that they form
an a-system if they can be equipped with a uniform family of recursively enumerable
binary relations {<g} fea O L satisfying the following properties:

(1) each <g is reflexive and transitive;

whenever ¢ <g ¢/, we also have E(¢) C E({);

)
2) the relations are nested, i.e. for any a > > ~, if £ <g ¢’ then £ <, ';
)
4)

(
(3
(4) the extendibility condz’tz’onﬂ ie. for any a > [y > --- > [, if there exists
0, . .., 0% € L such that

O <pa £ <pypr - <gonr O,

then for any odd sequence o € P,qq that ends in /° and any u € U such that
ou € P, there exists £* € L such that ouf* € P and (' <g, £* for each 0 <17 < k.

Note that the indices in the extendibility condition are slightly different from the
original presentation in [1, Chapter 14], but they will be the more natural choice to
use together with the true-stage systems, as we shall see below. We first check that
they are equivalent:

Lemma. Assuming that {<g},_, satisfies (1) and (2) above, then the extendibility
condition (4) is equivalent to the following original phrasing by Ash and Knight: for
any o> By > -+ > Py, if there exists (0, ... 0% € L such that

0 1 k
4 Sﬁog Sﬁl‘.'§5k71€7

then for any sequence o € P,qq that ends in (0 and any uw € U such that ou € P, there
exists 0* € L such that oul* € P and (* <p, {* for each 0 <i < k.

Proof. The forward direction is trivial, since the binary relations are nested, i.e. £ <g,
¢ implies ¢ <g, 11 ¢ as f; > Biy1 + 1, thus 0O <g, 0 <p - <g,_, F implies
60 §61+1 El §52+1 ce Sﬁk+1 Ek 1mmedlately

For the backward direction, assume we have 0 <g 1 1 <g, 11 --- <g 11 (k. Observe
that the extendibility condition never requires that the ¢’s are distinct, thus for any
Bi > Bit1+ 1, we can simply replace the ¢ < 1t ¢! segment in the inequality
chain by

s <8 % SBiy1+1 £i+17

so it shall follow from Ash and Knight’s original condition that still ¢ <p, ¢* in the
final construction. O

In Montalbdn’s game [3) Chapter VIII], he specifically assumed that each move ¢ € L encodes
a finite structure in a common language and he took E({) always to be the atomic diagram of the
structure £. Ash and Knight have been more flexible on this matter and used other fragments of
true-in-¢ formulae, for example in |1}, section 13.3]

2This name was given to condition (4) in the Ash-Knight metatheorem by Montalban [2].



Now, an instruction function for the a-system is a function ¢ : Pogqq — U on the
sequences in P of odd length (i.e. sequences that end in some ¢ € L), such that for any
o € Pyaq, u = q(o) satisfies ou € P. A g-run is a path

= lourliug - - € [P]

where the U-player follows the instruction function, i.e. where u; = q(fouify---4;—1)
for each i. Then the Ash—Knight metatheorem states the following:

Main Theorem ([l, Theorem 14.1]). Given an «a-system, for any instruction func-
tion q computable from a A -oracle, there exists a q-run m such that the set E(w) =
Uien E(4;) is recursively enumerable.

To better correlate with how the true-stage systems are used later, we shall focus more
closely on how the instruction function q is computed. Fix a A%-oracle as a set X C N,
we will read ¢ as an index in N such that the Turing machine @é( on oracle X computes
the desired elements in U. Given a finite non-empty initial segment 7 £ X, i.e. a tuple
consisting of xg < 1 < --- < zp such that for any x < a3 € X, there exists 0 < j < k
that x = x;, we say that the partial-oracle computatlorﬁ <I>T ) terminates, denoted as
<I>T( )d, if the computation completes in finite time with 1ts use of the oracle bounded
in 7, i.e. the machine never queries the oracle for any x > max7. Otherwise, we say
that @7 (o) diverges.

We shall say that an instruction function ¢ is robust if it is an oracle machine index
such that, for any infinite subset X C N, finite initial segment 7 = (tg,...,t;) C X
and any sequence o = louily ---¥;_1 € P, i.e. where |o| =2i —1 = 2]|7r| — 3, we have

Qi (o)d

A typical way to build a robust instruction g is to simulate a desired oracle machine
<I>X for some finite number of steps s, and if it does not terminate or attempts an
out of bounds query, then fall back to find some “default” u € U such that ou € P.

In what follows, we shall begin by treating the Ash—Knight metatheorem for robust
instruction functions only; the specific use-bound we choose here corresponds nicely to
what the true-stage systems can provide and shall make the proof much simpler than
in the general case.

Remark. One might be tempted to reduce an arbitrary instruction function ¢ in
some a-system to a robust one (in a different a-system), just like how Montalbédn (3]
transformed general games to variants known as simplified games in his proof of the
metatheorem. However, this is not immediately possible, since one disadvantage of
Ash and Knight’s formulation of the metatheorem is that it does not specify which
binary relations <g are satisfied by the /;’s in the g-run 7. Consequently, when the
robust instruction function fails to predict what the original instruction function will
compute, we will not be in a position to apply the extendibility condition readily to
fix the deviations.

3Note that unlike some other literature such as Montalban [3], we distinguish notations ®; and
®; o, where the latter only runs for s-many steps and diverges if the machine ¢ does not yet terminate,
while the former is allowed to run for an indefinite amount of time as long as it does not query the
oracle for information beyond what 7 contains. This is designed so that a robust instruction (as the
next paragraph specifies) is still practical to use and can perform operations such as searching P for
a “default choice” if the desirable output cannot be computed with the given information.



However, I suggest that this can be an advantage from a different perspective, since it
implies that the user of this result does not have to pay more attention to the nested
binary relations when they design an appropriate game for their needs, especially when
« is a limit ordinal and there is not a trivial “maximal” <g below (c.f. treatments in
[3, section IX.7.1]). Anyway, they have to be dealt with in the proofs, so in this note
we will start with the robust instructions and then extend technical components of the
proof to accommodate the general metatheorem.

1 Robust instructions, successor case

Following the presentation in [3, section IX.4], let an a-true-stage system be a family
of recursive partial orderings {=<3} s<a O N satisfying the following properties:

(i
(i

) <o is just the standard ordering on N;
)

(iii) for any 8 < «, there exists an infinite <g-increasing sequence;
)

the orderings are nested, i.e. for any oo > 8 > =, if s gt then s =<, ¢;

the sequence of orderings is continuous, i.e. for any limit A < «, we have s <) ¢
if and only if s <g ¢ for all B < A.

(iv

(v) forany f < aand any t < s <r € N, if t <g;; 7 and s <g r, then t <41 s, i.e.

=p+1
t/ s T~ 7.

\5,8/

(%)

2

An immediate consequence is that for any f < aand any t < s <r €N, if t <gr and
s g, thent =g s, ie.

<
— —Sﬁ —

L
=g SN

()

Now, Montalban defines a S-true stage in the system as some ¢ € N that is part of
some infinite <g-increasing sequence and use T8 to denote the set of all S-true stages.
Without loss of generality, we can always assume that 0 =g ¢ for any 3 < avand t € N,
so that 0 is always a [-true stage for any 5 < a.

Given any t € N, the stage-t approzimation of T is the finite tuple
7;5 =(s:5=3t)

with its elements listed in increasing order. In [3| sections IX.8-9], Montalbén proved
that:

Theorem 1.1 ([3, Theorem IX.18]). For any recursive well-ordering «, there exists
an a-true-stage system such that for any 5 < o, the set TP is A%H—Turing—complete,
uniformly in 3.

We fix one such a-true-stage system {=3} s<a Looking at the completeness index in
it is only natural that we deal with an (o + 1)-system using 7. Indeed,
given an (a + 1)-system, let ¢ be any robust instruction function, i.e. some index in N
such that the specific machine (I>qTa computes the desired u;’s for our run. Our main
theorem for this case shall state that:



Theorem 1.2. There is a recursive family of alternating sequences (T;),.n where each
7; € P is of odd length with its final component denoted as ¢; € L, such that

(a) 70 =£; for any t >0, let s = max {r : r <o t} (which is always non-empty since
we assumed 0 24 t), then 7 = Tsuply where uy = @Z; (7s);

(b) for any s <t and any B < «,

Sjﬂt—>€3 SB ft. (MC)

Here condition (a) ensures that the completed construction contains a g-run as a
subsequence, while condition (b), the main condition, ensures that the extendibility
condition is applicable in each step of the construction. To prepare for the latter, we
need the following lemma from Montalban [3]:

Lemma 1.3 ([3, Lemma IX.19], re-indexed to match the Ash-Knight extendibility
condition above). For each t > 0, there exist tg < t; < -+ < tj—1 < tp =t —1 and
ordinals Bop = a > 1 > -+ > Br_1 > Bi satisfying the diagram below, as well as the
following condition: for any v < o and any r <+ t, there exists some 0 < i < k such
that v < B; and r =, t;.

to 2pi+1 1 2ot 0 it T Zpe1 te

el s \g

PR =By s i

=6y o -
.............. t

Additionally, the t;’s and B;’s can be computed uniformly from t.

Proof. For each s < t, there exists
B(s) =max{y < a:s=,t},

since the partial orderings are nested and continuous. Note that 5(s) is the sole ordinal
such that s <, s and either 3(s) = o or s ﬁﬁ(s)ﬂ t, so B is a recursive function.

Let tg < t1 < --- < t;, enumerate the finite set
B={s<t:¥Yr<t(B(r)>p(s) »r<s)},

i.e. each ¢; is the maximal element satisfying t; <g(;,) t, and we let each 3; = B(t;).
For any 0 <14 < k, it is easy to check that 8; > (;11, and that t; <g,,, 41 ti+1 by @

Now clearly t — 1 € B, thus t;, =t — 1. Let s = max {r : r <, t} (which is non-empty
since we assumed 0 <, t), then also s € B, thus tyg = s and 5y = a.

Finally, for any v < a and any r < t, let s, = max{s:s <, t}, then s, € B, s, >r
and f(sy) > v by its definition. It follows that r <, s, by @ O

Proof of [Theorem 1.3 It suffices to show by induction that given any ¢ > 0, we can
recursively construct 7; from (7y),_, to satisfy the conditions (a) and (b). We now

look at tg <t1 < - <tp1<tpr=t—1land fg=a > 1 -+ > Br_1 > P as given in
Lemma 1.3, Using condition (b) in the inductive hypothesis, we have that

gto Sﬂl—‘rl Etl Sﬁg—‘rl e S,Bk_l—‘rl ftk,1 Sﬁk—i-l gtk'



Now, since By = a > (1, it follows that any r <, ¢t must satisfy r <, to, i.e. {g =
max {r:r <, t}. We compute u = CDZ? (Tt,): observe that for any r <, t, we must
have r < tg and thus r <, to by @, we know that 7,* = T,'t. Therefore, it follows by
simple induction from condition (a) that for any ¢, |7;| = 2|7,%| — 1. Therefore, here

7ol = 2| T3 | =1 =2|T"| - 3,

(&3

thus u = @Z; (7,) must terminate by the robustness of g.

Finally, by the extendibility condition we know that there exists ¢; € L such that
Towly € P, and 4, <g, {; for each 0 < ¢ < k; since L, P and the binary relations
on it are recursively enumerable, we can recursively find an arbitrary such /; and set
Ty = Tyouly. It suffices to check for condition (b) that for any § < « and s <3 t, we

have 5 <g ¢;. But ensures that there is 0 < ¢ < k such that 8 < 8; and
s =g t;, 80
ls <p by, <p,

by the inductive hypothesis. O

Corollary 1.4. Given an (a + 1)-system and let q be any robust instruction function
on oracle T, then there exists a q-run ™ such that E(m) is recursively enumerable.

Proof. Let (7;);cy be the family of alternating sequences in [Theorem 1.2] and let 7¢

be enumerated increasingly as
Ta:{t0=0<t1<t2<~~}.

We check that m = | |;c 7, forms a g-run. This suffices since for any s < ¢ we have

s <o t, thus ¢5 <o ¢; and E({s) C E(4) by therefore E(m) = J;eny E(4;) =
Uien E(4;) is recursively enumerable.

Now, following [3, Lemma IX.15 & Observation IX.16], simple transfinite induction
with @ shows that for any ¢; < t; € T%, t; = t;. It follows that each 7;?‘ =

(to,...,t;) E T®. Therefore, we have 73, , = 7,us,,,s,,, where
TS
— +1 — 7
Wiy = (I)q ' (Tti) - <I>q (Tti)7
and 7 = | ;e Tt = Loty Uty Uty Ly, - - - is indeed a g-run. O]

2 Robust instructions, limit case

When o is a limit ordinal, let {=g},_, be an a-true-stage system as in
We cannot readily apply the previous construction to an a-system, since its family
of nested binary relations does not contain a coarsest level corresponding to <,. We
need to adapt Montalban’s technique in [3, section IX.7.1].

We follow the construction in |3} section IX.9] and define a canonical fundamental
sequence for ¢, i.e. a recursive function a[—] : N — «a as given by

als) = max {8 < a: #(8) < 5},

where #(/) is the natural number that denotes the ordinal § in the fixed recursive
presentation of c. The set is always non-empty since we assumed that the presentation



has a downward closed domain. It follows that «[s] is a non-decreasing sequence with
Supgen fs] = . We now define Montalban’s diagonal partial ordering <, on N such
that

sdat <— 5 24 t-

Say that ¢t € N is a <-true stage if it is part of some infinite <,-increasing sequence,
and let §¢ denote the set of all <,-true stages. S% is clearly an infinite set since any
=a-increasing sequence is also <,-increasing.

Like the a-true-stages, we can define the stage-t approximation of S* as the finite tuple
St =(s:s5<d,t)

with its elements listed in increasing order. It is not hard to observe that:

Lemma 2.1 ({3, Corollary IX.29]). S* =r B4, TB. It follows that S® is A - Turing-
complete.

Now, given an a-system and any robust instruction function ¢, i.e. some index in N,
such that the specific machine @ga computes the desired wu;’s for our run. The main
theorem shall state that:

Theorem 2.2. There is a recursive family of alternating sequences (T;),cn where each
7; € P s of odd length with its final component denoted as ¢; € L, such that

(a) 0 = U; for any t > 0, let s = max {r:r<at} (which is always non-empty since

we assumed 0 <, t), then 1 = Tsuly where uy = ®4* (75) and ly <aly) Ut

(b) for any s <t and any B < als],

s 2t — Ly <g ly. (MC)

Compared to here condition (a) additionally require that £s <, £,
despite the diagonal partial ordering J, only guaranteeing s =<, ¢. This is known
in Montalban [3] as (MC+) and is necessary to ensure that the chain of stages we
computed in the following lemma is still valid to apply the extendibility condition:

Lemma 2.3 ([3, Lemma IX.30]). For eacht > 0, fix to = max {r : r <, t}, then there
erist tg < t1 < -+ < tp_1 <t =t—1, ordmalﬂﬂo =aft] > 61 > > Br_1> Bk
and someﬂ to < u <ty with afu] > B and no r such that ty <o r < u, satisfying the
diagram below, as well as the following condition: for any v < o and any r <4 t, if
v < afr], then there exists some 0 <1i < k such that v < f3; and v =<, t;.

to Ja u 241 t1 Zpat1 0 DB+l k-1 S+l

Additionally, the t;’s and B;’s can be computed uniformly from t.

4We pick By = aft], even though to <o t does not guarantee to =,y t; this is to align with the
clause /4 <a[t] 4 in condition (a) oflm above. So this lemma do not produce to, 8o such
tha:c to <5, t, unlike [Lemma 1.3|.

°Except when k£ =0 and top =t — 1, in which case we do not need such a u.




Proof. Let t_; < --- <t 1 <ty < - <tp=t—land B, =a > > (1 >
B1-+- > Br_1 > Br be the sequences given for ¢ by where we relabel the
indices so that t_1 <ty < t; for the fixed tg = max {r:r <, t}. Note that the index
0 is skipped to avoid confusion, and we know that the first element in this sequence
satisfies t_; =< ¢, i.e. t_; J, t, hence there will indeed be at least one negative index
after relabelling.

Now, if a[tg] > f1, then tg <g,+1 t and thus tg <g,+1 t1 by @ so u = tg satisfies the
requirements. Otherwise, we have {1 <, t and thus to <44, t1 by @ so g <q 1.
Let w = min{r > tg: r 4 t1}; it is easy to see that there is no r with tg < 7 <4 u.
Since either u = {1 or u <4y t1, we always have to =<4, u by @ thus ty <, u.
Lastly, since tg = max {r : r <, t}, we cannot have u =, t, yet u =, t1 =<, t, thus
afu] > 1 and we have u =g, 11 t1 as desired.

For any v < « and any r < ¢ such that v < «o[r], let —j < i <k (i # 0) be the index

given by If i < 0, we must have r < t; <ty and thus v < afr] < aftg], so
it follows that r <, to as desired by @ O

Proof of [Theorem 2.3, We follow essentially the same construction as in
but for each ¢ > 0 we apply the extendibility condition to the chain of stages o < t; <

.-+ <ty given in instead. Since there is tg <o u =g, 41 t1 With afu] > pi,
thus for each 0 < i < k we have ; + 1 < aft;] and hence ¢, <g, 41 ¢s,,, by condition

(b) in the inductive hypothesis. For i = 0, we have

Uy <afu) bu <pi+1
by the inductive hypothesis, and thus the extendibility condition applies to yield ¢; € L
such that ¢;, <g, ¢; for each 0 < ¢ < k, and most specifically ¢, <, ¢;- The extra
condition in ensures that condition (b) is satisfied, as in [Theorem 1.2, [J
Just like in the previous section, we have the metatheorem as a corollary; notice that
the notions a|—], <, and S do not really require that « is a limit ordinal (when

a = [f+1 is a successor, S¢ only depends on Ww}vﬁ 3 and will stabilise towards a tail
of T eventually), so this is indeed one proof that applies to any recursive ordinal «:

Corollary 2.4. Given an «a-system and let q be any robust instruction function on
oracle 8%, then there exists a q-run m such that E(m) is recursively enumerable.

Proof. The same as |Corollary 1.4} using the stages in §¢ instead. O

3 General instructions

We now attempt to extend the previous proofs to work with an arbitrary instruction
function ¢. In what follows, we will consider an a-system and the A?-Turing-complete
oracle §¢, but note that the same technique also applies to instruction functions for
an (a+ 1)-system using oracle 7.

Fix an a-true-stage system {=<3} f<q B in [Theorem 1.1|and corresponding <, and S¢.

Read the instruction function ¢ as the index in N such that the oracle machine <I>‘qsa
computes the desired values. We do need a robust instruction function, so let ¢’ be
the index of a machine such that for any o € Pyqq, <I>é§ (o) performs the following:



Enumerate the first ¢ elements tg < t1 < .-+ < t;_1 in X where i =
(o] +3) /2 (i.e. |o| = 2i — 3); then simulate the partial-oracle computa-

o1

S
tion <I>qft’:1 where Sff | = (s: 5, t;1) listed in increasing order. It out-

S
puts a tuple (u,1) if u = <I>q;l:l (0)d, i.e. the simulation terminates within

t;—1 steps without making out-of-bounds queries, and otherwise it simply
searches P for an arbitrary u € U such that ou € P and outputs (u,0).

The rough idea is that ¢’ will be run on a sparser oracle S* C 8%, where it will recover
an initial segment of S% and attempt the original computation ¢ on that. The specific
choice of i here ensures that the oracle machind?| ¢’ is robust.

We shall use ¢'’s output to build the recursive family of alternating sequences (Ti)ien
together with an indicator sequence (v;),.y where each v; € {0, 1}, and we shall define

a new family of partial orderings {j/’};} as

pa
sXpte— (s=tVB=0Vys=1)As =gt

we likewise denote s <% t +— s j;[s] t.

We say that any family of partial orderings {<g} f<a is an «a-true-stage system on
{0,1,...,k} if it satisfies the conditions (i), (ii), (iv) and (v) in the definition of an
(infinite) a-true-stage system for any r,s,t < k (and the additional, convenient as-
sumption that 0 <5 ¢ for any § < «a, t < k). It is easy to check that:

Lemma 3.1. Given any recursive sequence (v;);cy where vg = 1 and any k € N, the

family {j};}[K defined above is an a-true-stage system on {0,1,... k}.
Sa

Additionally, the family being an a-true-stage system on {0,1, ..., k} is determined by
whether s < ¢ for s,t <k, which only depends on the values v; for 0 < i < k.

Proof. The definition essentially says that for any s <t <k, 58 >0,
sj}}tHuszl/\sj/Bt.
This clearly suffices for the desired properties. O

The key observation here is that the constructions of 7, and ¢; in and
only depends on the behaviour of the concerned true-stage system before
stage t, i.e. whether r <5 s for » < s < t. Therefore, it is easy to verify that the
same process can still go through as long as we know at each stage ¢ that the family
of orderings we use is an a-true-stage system on {0, 1,...,t}:

Theorem 3.2. There is a recursive family of alternating sequences (7;);cn where each
7, € P is of odd length with its final component denoted as ¢; € L, together with a
sequence (v;);cny where each v; € {0,1}, such that

SStrictly speaking, ¢’ is no longer an instruction function since its output carries an extra bit
indicating whether the result is a genuine output by the original function. One could fix this by
reformulating a new a-system with U’ = U x {0, 1}; however, by our remark at the start of the note,
this a-system will not satisfy a proper extendibility condition anyway. Thus we will refrain from this
presentation and work directly with the “machine” ¢’ instead.



(a) 0 =10, vo = 1; for any t > 0, let s = max {r : r <t} (i.e. {r LT = t} which
is always non-empty since we have 0 =% t), then 7, = Tsuly where (up, 1) =

(ID;S; (1s) and g <o U5

(b) for any s <t and any B < afs],
s 35t —Ls <gly, (MC)
where {j;}}ﬁga is the family of partial orderings defined above using (v;);cn and Sf =
(s:s<*t).

Proof. For each inductive step ¢t > 0, the inductive hypothesis ensures that v, is well-
defined for all s < ¢ and so is the family of orderings {j%}ﬂ< on {0,1,...,t}. Now,
<a

Lemma 3.1| ensures that {j;} is an a-true-stage system on {0,1,...,t}, which

<a

suffices for the same constructions as in [Theorem 2.2 and [Lemma 2.3 to work. O

Here, we take into account the technical assumption without loss of generality thatﬂ
a > 1 is given through a recursive presentation with a downward closed domain, as
suggested at the beginning of this note. Then there exists 5y # 1 < « satisfying
#(Bo) = 0,#(51) = 1 and consequently, a[r] > max {Sy, 51} > 0 as defined above in
for any > 0. Hence we can see that the relation r < t (ie. r <%, t) in
condition (a) above always implies v, = 1.

To complete the proof of the metatheorem just like in [Corollary 1.4 and [Corollary 2.4}

we see that the family {jg} now satisfies the conditions (i), (ii), (iv) and (v) as

Ba
an (infinite) a-true-stage system. So we additionally need the following lemma:

Lemma 3.3. There exists an infinite <7 -increasing sequenceﬂ This immediately im-
plies that there also exists infinite j:g-increasmg sequences for any B < a.

Proof. Let 8 still denote the <,-true stages for the original family of partial orderings
{=8}5<q- We know that for any s <t € %, s dq ¢ (since both are afs]-true stages),
thus it suffices to show that there are infinitely many ¢ € S with v, = 1.

Suppose otherwise, and let s = max{r € S*:v, = 1}. By definition of ¢ being the
instruction function for our a-system, @‘;a (7s) must terminate and output some u € U
such that 7,u € P. Let e denote the number of steps <I>219a (75) takes to terminate, x
denote the maximal number it queries S for in this computation and pick an arbitrary
t € 8§ such that t > e, x,s. It is easy to see that

max {r:r <t} =max{r:r<,t,v, =1} =s,

and bef* (7s) must simulate @‘;éz (7s) and thus output (u, 1). This contradicts vy = 0. O

"If the instruction function ¢ is AY-computable — i.e. Turing computable — then we do not need
the metatheorem to generate a g-run 7 with recursively enumerable E (7). Thus we are only concerned
with the metatheorem on a-systems where o > 1.

8Note that this construction does not guarantee an infinite < -increasing sequence, so to be pedan-
tic, we cannot say that {j;} f<a still forms a (full) a-true-stage system. We do get a new a-true-stage
system if we apply the same modifications to the successor case in though.
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Corollary 3.4. Given an a-system and let q be any instruction function on oracle
S, then there exists a q-run m such that E(r) is recursively enumerable.

Proof. The same as using the set S* of <} -true stages instead. Note
that the remark after ensures that v, = 1 for any ¢t € S*. O

4 Remarks on structures

The Ash—Knight a-systems make no enforcements on what the finite objects £ € L
denote, but Montalban in [3] demands that they are finite fragments extracted from
a fixed uniformly computable family of structures {A,}, .y, and that the binary re-
lations {<g} p<qo Petween them are precisely the computable back-and-forth relations.
The Montalban approach has the advantage that the extendibility condition would be
satisfied trivially in the appropriate contexts. In this final section, we reiterate this pro-
cess in the Ash—Knight set-up, most importantly Montalbén’s key lemma |3, Lemma
IX.20].

The same notion of back-and-forth relations is defined in [1, Chapter 15] and [3, section
I1.6], as the following: given two first-order structures A, B in the same, recursive
language and finite tuples a € A<N, b € BN, we say that

o (A a) <o (B,b) if |a|] < |b|] and for any basic formulae (i.e. atomic formulae or
negations thereof) ¢(Z) of Gédel number less than |a|, we have

A pla) <= B0 |a]);

o (A a) <, (B,b) for some ordinal o > 0 if for any 8 < « and any finite tuple
d € BN, there exists ¢ € A< such that (B,bd) <z (A, ac).

It is easy to check that this is a reflexive, transitive relation, and that for any a b €
AN we have (A, a) <, (A,b) for any ordinal o by transfinite induction.

Ash and Knight [1] define that a uniformly computable family of structures {A,}, cx
is a-friendly if the set

{(Brijiab): B<aijeNae A be A, (Aia) <5 (4,0)]
is recursively enumerable. Given an a-friendly family of structures {A,}, oy, the back-

and-forth relations can be represented as a uniform family of recursively enumerable
binary relations on finite objects, as

(i,a) <p (J,b) «— (A, a) <g (A;,b).
When we work with an a-system <L, Ul PE, {§5}5<a> where
LC {(i,a> :1€N,a € AfN}

and the binary relations are precisely the back-and-forth relations, the following is
basically Montalban’s |3, Lemma IX.20]:
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Proposition 4.1. Suppose that the a-system above (without a verified extendibility
condition) satisfies that for any B < a, any sequence o € P,qq that ends in £ = (i,a) €
L, any uw € U such that ou € P and any finite tuple b € AfN such that a T b, there
exists £* € L such that oul* € P and (i,b) <g {*, then it satisfies the extendibility
condition.

Proof. Consider any sequence of o > By > --- > S and 0 = (ig,aq),...,0F =
(i, ar) € L such that

o <pi+1 o SBatlt Sp (.
For some 0 < j < k, suppose that we have tuple a;;1 C cj;1 € ‘AZTN then ¢ =
(ij,a5) <gj,41 071 <g 41 (ij41,¢j11), so by the definition of the back-and-forth
relations, there exists a; C ¢; € Aij such that (ij11,¢j41) <p,,; (ij,¢;). Begin with
¢, = ay, and iterate this process, then we have:

(i0,00) <gi+1 (t1,a1) <got1 -+ <B_q1+1 (Th—1,k—1) <pgp+1 (ik,ak)
I \% oon \% . \%\J I \E; o
(i, co) >, (i1,c1) 28, -+ 28, (ik—1,¢h—1) 28, (iksCk)

So we have ag C ¢y € AfON such that ¢ = (ij,a4) <g, (10, ¢o) for each 0 < j < k. Tt
clearly suffices now to have £* € L such that oul* € P and (ig, co) <g, £*. O

In many situations, this final step of finding £* can also be automated through some
back-and-forth relation, for example in the following general format:

Corollary 4.2. Suppose that { A}, oy is an a-friendly family of structures and that
<L,U, i, P, E,{Sﬂ}6<a> is an «a-system (without a wverified extendibility condition)
where L C {(i,a) :i € N,a € A7} and {<p}gq are precisely the back-and-forth re-
lations. If for any sequence o € P,qq that ends in £ = (i,a) € L and any u € U such
that ou € P, we have:

(a) there is j € N such that for any ' € L satisfying oul' € P, the first component
of U must be j, and additionally A; <, Ai;

b) for any b € .A-<N, there exists an extension b J ¢ € AN such that cul* € P
J J
where £* = (j,¢),

then the a-system satisfies the extendibility condition and thus the main Ash—Knight
metatheorem.

Proof. We just need to verify the condition in [Proposition 4.1 Given fixed § < «,
since we know A; <, A;, we must have b € AN such that £ = (i,a) <g (j,b). It
follows that ¢* = (j,c) as given by condition (b) is the desired extension. O

Example (Pair of structures, |1, Theorem 18.6]). Let { Ao, A1} be an a-friendly pair of
computable structures such that A; <, Ag. For any I1%-set S, we will find a uniformly
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computable family of structures {C, },cy such that

{.Ao ifnes,
C, =

A  otherwise.

Now, S is IIY, thus there is a function g : N> — {0,1} computable from a A%-oracle
such that
neS+—VYmeNg(n,m)=0.

We take U = {0,1} and a family of instruction functions {gy }, .y Where each
qn(0) = max{g(n,m) : m <|o|},

in the a-system <L, U, PE, {Sﬂ}ﬁ<a> where L = {(i,a> :1€{0,1},a € ,Ai<N}7 /=

0,()), E({i,a)) denotes the (ﬁni‘uﬂ) atomic diagram of the structure (A;,a), and any
finite sequence fouifius - - - € P if and only if

(i) each ¢ = (ix, a) contains the first k elements in the domain A;, ;
(il) E(ly) C E(ly) C -
(iii) for k > 0, the first component of ¢}, is wuy.

Using the fact that our stipulations ensure each g, (o) is non-decreasing, we immedi-
ately see by that, for each n € N there is a g,-run 7, (and it is easy
to check through the proofs above that the family of atomic diagrams {E(m,)},, oy is
uniformly recursively enumerable). Since for each n € N, g,(o0) stabilises to either
0 or 1 as |o| — oo, it is easy to check that E(m,) will be the atomic diagram of a
computable copy of Ag or A; correspondingly. O

In more complicated scenarios, we might employ a more specific way of extending ¢,
to fx41, or even not use the standard back-and-forth relation as the nested binary
relations for the a-system; for example, in |1, Theorem 18.15], one defines

t=(i,a) <gt'=(j,b) = (W (1 +14),a) <g (W (1+),b),

where the finite tuples a,b are not allowed to occupy the first copy of w® in the
respective structures, in order to accommodate for ¢ extending the linear ordering
towards the left. This is where the Ash—Knight formulation of the metatheorem shows
its flexibility, and a variant of [Proposition 4.1| will easily apply to verify the desired
extendibility condition.

References
[1] Christopher J. Ash and Julia Frandsen Knight, Computable structures and the hyperarithmetical
hierarchy, Studies in Logic and the Foundations of Mathematics, Elsevier, 2000.

[2] Antonio Montalbdn, Priority arguments via true strages, The Journal of Symbolic Logic 79 (2014),
no. 4, 1315-1335.

[3] Antonio Montalbdn, Computable structure theory: Beyond the arithmetic, Perspectives in Logic,
Cambridge University Press, 2026.

9As in the definition of the back-and-forth relations, if the language A has an infinite vocabulary,
we may include in E((i,a)) only those basic formulae of Gédel number less than |al.

13



	Robust instructions, successor case
	Robust instructions, limit case
	General instructions
	Remarks on structures

